Abstract
Introduction

13
In this paper we are concerned with decision making under uncertainty.
14
In particular, we are interested in the role that interval type-2 fuzzy sets 15 might play in enhancing decision making. In part, this has been motivated by 
25
In the context of this work, by decision making we mean where we have 26 a goal(s) that is limited by some constraints. In the case of type-1 fuzzy sets 27 the fuzzy decision making process finds an optimal decision when goals and 28 constraints are specified by fuzzy sets (Zadeh, 1965) . A type-1 fuzzy set is 
for all x ∈ X. Fig. 1 shows an example of a triangular interval type-2 fuzzy 37 set and its upper (solid) and lower (dashed) membership functions. Fuzzy 38 decision making using type-1 fuzzy sets was introduced by Bellman and 39 Zadeh (1970) . Given a set of goals specified by the membership functions
and a set of constraints specified by the membership functions
the optimal decision x * is defined as
czany, 1987; Gehrke et al., 1996) .
Figure 2: Type-1 fuzzy decision.
where ∧ is a triangular norm such as the minimum or the product operator.
43
In the experiments presented in section 4 we will use the minimum operator. constraints quantify the degrees of utility of the different decision options.
80
In interval type-2 fuzzy decision making the utility is subject to uncertainty. respectively. Hence, it is straightforward to define the worst case interval 84 type-2 fuzzy decision as
and to define the best case interval type-2 fuzzy decision as
The worst case interval type-2 fuzzy decision maximizes the utility that is obtained under the worst possible conditions. This decision policy reflects a cautious or pessimistic decision maker. The best case interval type-2 fuzzy decision maximizes the utility that is obtained under the best possible conditions. This decision policy reflects a risky or optimistic decision maker. Fig.   3 shows an example of worst case and best case type-2 fuzzy decisions with two type-2 triangular goalsg 1 ,g 2 and one triangular constraintc 1 . We do not want to restrict the interval type-2 fuzzy decision to the worst case and best case decisions but we want to allow to specify the level of risk β ∈ [0, 1] associated with the decision, where risk β = 0 corresponds to the worst case decision x * and risk β = 1 corresponds to the best case decision x * . This leads us to define the interval type-2 fuzzy decision at risk level β as
Figure 3: Interval type-2 fuzzy decisions.
It is worth noting the relationship between equations (5) and (6) case decisions.
We can use equations (9) and (10) to calculate the decision for given risk 102 value β using equation 11.
where β ∈ [0, 1]. The next section explores some properties of this approach. In this section we investigate in some detail the properties of the interval 106 type-2 fuzzy decision at risk level β defined by (7).
107
It is easy to see that x * 0 = x * and x * 1 = x * . It seems reasonable to require 108 that for any risk level β ∈ [0, 1] the decision should be in the interval bounded 109 by the worst case decision x * and the best case decision x * , so
for arbitrary t-norms ∧.
111
We now consider whether equation (12) 
121
We will now consider equation (12) show that (12) holds for convex sets when using the minimum and product 
141
This completes the proof.
142
There is a caveat we must add to this discussion which is that x * β is 143 only non zero when x is in the support of the intersection of all the goals and 
Application Examples
148
In this section we illustrate our proposed interval type-2 fuzzy decision 149 making approach with two application examples: optimization of the room 150 temperature and choosing optimal travel times with low road congestion.
151
For the first application example assume you have invited two guests, A
152
and B, and wonder to which room temperature you should set the heater.
153
You know that A will be completely happy with 17 degrees, and will be com-
154
pletely unhappy at less than 16 degrees or more than 19 degrees. And B will 155 be completely happy with 20 degrees, and will be completely unhappy for 156 less than 18 degrees or more than 22 degrees. This can be modeled using functions, solid), because in the best case both guests will be 75% happy. In-
165
termediate levels of risk between β = 0 and 1 will yield optimal temperatures 166 between 18.5 and 19 degrees.
167
For the second application example assume that we want to drive to work 168 at some time between 6 and 12 o'clock, work for 8 hours, and then drive back.
169
From a traffic reporting system we have obtained the traffic density curves for convex and that, as is typical, the uncertainty at the beginning and end of 173 the day is larger.
174
We start with a type-1 fuzzy approach to model this situation and find Next, we consider a type-2 fuzzy approach for this problem. We estimate 
210
A comparison of the type-1 and type-2 fuzzy decisions is shown in Fig. 11 .
211
The two almost linear solid curves show the worst case and best case traffic 212 for the morning trip times between 8:30 and 9:00, corresponding to evening 
Conclusions
225
Existing approaches supporting decision making using type-2 fuzzy sets 226 ignore the risk associated with these decisions. In this paper we have pre-227 sented a new approach to using interval type-2 fuzzy sets in decision making 
